Advanced Functions,
Grade 12
University Preparation

MHF4U

This course extends students’ experience with functions. Students will investigate the
properties of polynomial, rational, logarithmic, and trigonometric functions; develop
techniques for combining functions; broaden their understanding of rates of change; and
develop facility in applying these concepts and skills. Students will also refine their use
of the mathematical processes necessary for success in senior mathematics. This course
is intended both for students taking the Calculus and Vectors course as a prerequisite
for a university program and for those wishing to consolidate their understanding of
mathematics before proceeding to any one of a variety of university programs.
Prerequisite: Functions, Grade 11, University Preparation, or Mathematics for College
Technology, Grade 12, College Preparation
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MATHEMATICAL PROCESS EXPECTATIONS
The mathematical processes are to be integrated into student learning in all areas of this course.
Throughout this course, students will:

Problem Solving

• develop, select, apply, compare, and adapt a variety of problem-solving
strategies as they pose and solve problems and conduct investigations, to
help deepen their mathematical understanding;

Reasoning and
Proving

• develop and apply reasoning skills (e.g., use of inductive reasoning, deductive
reasoning, and counter-examples; construction of proofs) to make mathematical
conjectures, assess conjectures, and justify conclusions, and plan and construct
organized mathematical arguments;

Reflecting

• demonstrate that they are reflecting on and monitoring their thinking to
help clarify their understanding as they complete an investigation or solve a
problem (e.g., by assessing the effectiveness of strategies and processes used,
by proposing alternative approaches, by judging the reasonableness of results,
by verifying solutions);

Selecting Tools and • select and use a variety of concrete, visual, and electronic learning tools and
Computational
appropriate computational strategies to investigate mathematical ideas and
Strategies
to solve problems;
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Connecting

• make connections among mathematical concepts and procedures, and relate
mathematical ideas to situations or phenomena drawn from other contexts
(e.g., other curriculum areas, daily life, current events, art and culture, sports);

Representing

• create a variety of representations of mathematical ideas (e.g., numeric,
geometric, algebraic, graphical, pictorial representations; onscreen dynamic
representations), connect and compare them, and select and apply the
appropriate representations to solve problems;

Communicating

• communicate mathematical thinking orally, visually, and in writing, using precise
mathematical vocabulary and a variety of appropriate representations, and
observing mathematical conventions.

A. EXPONENTIAL AND LOGARITHMIC
FUNCTIONS
By the end of this course, students will:

1.

demonstrate an understanding of the relationship between exponential expressions and logarithmic
expressions, evaluate logarithms, and apply the laws of logarithms to simplify numeric expressions;

2.

identify and describe some key features of the graphs of logarithmic functions, make connections
among the numeric, graphical, and algebraic representations of logarithmic functions, and solve
related problems graphically;

3.

solve exponential and simple logarithmic equations in one variable algebraically, including those
in problems arising from real-world applications.
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OVERALL EXPECTATIONS

SPECIFIC EXPECTATIONS
1. Evaluating Logarithmic Expressions
By the end of this course, students will:

1.1 recognize the logarithm of a number to a
given base as the exponent to which the base
must be raised to get the number, recognize
the operation of finding the logarithm to be
the inverse operation (i.e., the undoing or
reversing) of exponentiation, and evaluate
simple logarithmic expressions
Sample problem: Why is it not possible to
determine log10(– 3) or log 2 0? Explain your
reasoning.

1.2 determine, with technology, the approximate

1.3 make connections between related logarithmic
and exponential equations (e.g., log 5 125 = 3
can also be expressed as 5 3 = 125), and solve
simple exponential equations by rewriting
them in logarithmic form (e.g., solving 3x = 10
by rewriting the equation as log 3 10 = x)

1.4 make connections between the laws of exponents and the laws of logarithms [e.g., use
a+b
= 10 a 10b to deduce that
the statement 10
log10 x + log10 y = log10 (xy)], verify the laws of
logarithms with or without technology (e.g.,
use patterning to verify the quotient law for
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2. Connecting Graphs and Equations
of Logarithmic Functions
By the end of this course, students will:

2.1 determine, through investigation with technology (e.g., graphing calculator, spreadsheet)
and without technology, key features (i.e.,
vertical and horizontal asymptotes, domain
and range, intercepts, increasing/decreasing
behaviour) of the graphs of logarithmic functions of the form f(x) = log b x, and make connections between the algebraic and graphical
representations of these logarithmic functions
Sample problem: Compare the key features
of the graphs of f(x) = log 2 x, g(x) = log 4 x,
and h(x) = log 8 x using graphing technology.

2.2 recognize the relationship between an exponential function and the corresponding logarithmic function to be that of a function and
its inverse, deduce that the graph of a logarithmic function is the reflection of the graph
of the corresponding exponential function in
the line y = x, and verify the deduction using
technology

EXPONENTIAL AND LOGARITHMIC FUNCTIONS

logarithm of a number to any base, including
base 10 (e.g., by reasoning that log 3 29 is
between 3 and 4 and using systematic trial to
determine that log 3 29 is approximately 3.07)

logarithms by evaluating expressions such as
log10 1000 – log10 100 and then rewriting the
answer as a logarithmic term to the same
base), and use the laws of logarithms to
simplify and evaluate numerical expressions
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Sample problem: Give examples to show that
the inverse of a function is not necessarily a
function. Use the key features of the graphs of
logarithmic and exponential functions to give
reasons why the inverse of an exponential
function is a function.

2.3 determine, through investigation using technology, the roles of the parameters d and c in
functions of the form y = log10(x – d) + c and
the roles of the parameters a and k in functions of the form y = alog10(kx), and describe
these roles in terms of transformations on the
graph of f(x) = log10 x (i.e., vertical and
horizontal translations; reflections in the axes;
vertical and horizontal stretches and
compressions to and from the x- and y-axes)
Sample problem: Investigate the graphs of
f(x) = log10(x) + c, f(x) = log10(x – d),
f(x) = alog10 x, and f(x) = log10(kx) for
various values of c, d, a, and k, using technology, describe the effects of changing these
parameters in terms of transformations, and
make connections to the transformations of
other functions such as polynomial functions,
exponential functions, and trigonometric
functions.

2.4 pose problems based on real-world applica-
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tions of exponential and logarithmic functions
(e.g., exponential growth and decay, the
Richter scale, the pH scale, the decibel scale),
and solve these and other such problems by
using a given graph or a graph generated
with technology from a table of values or
from its equation
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Sample problem: The pH or acidity of a solution is given by the equation pH = – logC,
where C is the concentration of [H +] ions in
multiples of M = 1 mol/L. Use graphing
software to graph this function. What is the
change in pH if the solution is diluted from a
concentration of 0.1M to a concentration of
0.01M? From 0.001M to 0.0001M? Describe
the change in pH when the concentration of
1
any acidic solution is reduced to
of its
10
original concentration. Rearrange the given
equation to determine concentration as a
function of pH.

3. Solving Exponential and
Logarithmic Equations
By the end of this course, students will:

3.1 recognize equivalent algebraic expressions
involving logarithms and exponents, and
simplify expressions of these types
Sample problem: Sketch the graphs of
f(x) = log10(100x) and g(x) = 2 + log10x,
compare the graphs, and explain your
findings algebraically.

3.2 solve exponential equations in one variable
by determining a common base (e.g., solve
x+ 3
by expressing each side as a power
4x = 8
of 2) and by using logarithms (e.g., solve
x+ 3
by taking the logarithm base 2
4x = 8
of both sides), recognizing that logarithms
base 10 are commonly used (e.g., solving
x
3 = 7 by taking the logarithm base 10 of
both sides)
n

Sample problem: Solve 300(1.05) = 600 and
x+ 2
– 2x = 12 either by finding a common
2
base or by taking logarithms, and explain
your choice of method in each case.

3.3 solve simple logarithmic equations in one
variable algebraically [e.g., log 3 (5x + 6) = 2,
log10(x + 1) = 1]

3.4 solve problems involving exponential and
logarithmic equations algebraically, including problems arising from real-world
applications
Sample problem: The pH or acidity of a solution is given by the equation pH = – logC,
where C is the concentration of [H +] ions in
multiples of M = 1 mol/L. You are given a
solution of hydrochloric acid with a pH of 1.7
and asked to increase the pH of the solution
by 1.4. Determine how much you must dilute
the solution. Does your answer differ if you
start with a pH of 2.2?

B. TRIGONOMETRIC FUNCTIONS
By the end of this course, students will:

1.
2.

demonstrate an understanding of the meaning and application of radian measure;

3.

solve problems involving trigonometric equations and prove trigonometric identities.

make connections between trigonometric ratios and the graphical and algebraic representations of
the corresponding trigonometric functions and between trigonometric functions and their reciprocals,
and use these connections to solve problems;

Advanced Functions

OVERALL EXPECTATIONS

SPECIFIC EXPECTATIONS
1. Understanding and Applying
Radian Measure

2. Connecting Graphs and Equations
of Trigonometric Functions

By the end of this course, students will:

By the end of this course, students will:

1.1 recognize the radian as an alternative unit to

2.1 sketch the graphs of f(x) = sin x and f(x) = cos x

the degree for angle measurement, define the
radian measure of an angle as the length of
the arc that subtends this angle at the centre
of a unit circle, and develop and apply the
relationship between radian and degree
measure

1.2 represent radian measure in terms of π (e.g.,
π
radians, 2π radians) and as a rational number
3
(e.g., 1.05 radians, 6.28 radians)

1.3 determine, with technology, the primary
trigonometric ratios (i.e., sine, cosine, tangent)
and the reciprocal trigonometric ratios (i.e.,
cosecant, secant, cotangent) of angles
expressed in radian measure

1.4 determine, without technology, the exact

for angle measures expressed in radians, and
determine and describe some key properties
(e.g., period of 2π, amplitude of 1) in terms of
radians

2.2 make connections between the tangent ratio
and the tangent function by using technology
to graph the relationship between angles in
radians and their tangent ratios and defining
this relationship as the function f(x) = tan x,
and describe key properties of the tangent
function

2.3 graph, with technology and using the primary
trigonometric functions, the reciprocal
trigonometric functions (i.e., cosecant, secant,
cotangent) for angle measures expressed in
radians, determine and describe key properties of the reciprocal functions (e.g., state the
domain, range, and period, and identify and
explain the occurrence of asymptotes), and
recognize notations used to represent the
reciprocal functions [e.g., the reciprocal of
f(x) = sin x can be represented using csc x,
1
1
, or
, but not using f –1(x) or sin–1 x,
sin x
f(x)
which represent the inverse function]

TRIGONOMETRIC FUNCTIONS

values of the primary trigonometric ratios
and the reciprocal trigonometric ratios for
π π π π
the special angles 0, , , , , and their
6 4 3 2
multiples less than or equal to 2π
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2.4 determine the amplitude, period, and phase
shift of sinusoidal functions whose equations
are given in the form f(x) = a sin (k(x – d)) + c
or f(x) = a cos(k(x – d)) + c, with angles
expressed in radians

2.5 sketch graphs of y = a sin (k(x – d)) + c and
y = a cos(k(x – d)) + c by applying transformations to the graphs of f(x) = sin x and
f(x) = cos x with angles expressed in radians,
and state the period, amplitude, and phase
shift of the transformed functions
Sample problem: Transform the graph of
f(x) = cos x to sketch g(x) = 3 cos (2x) – 1,
and state the period, amplitude, and phase
shift of each function.

2.6 represent a sinusoidal function with an
equation, given its graph or its properties,
with angles expressed in radians
Sample problem: A sinusoidal function has
an amplitude of 2 units, a period of π, and a
maximum at (0, 3). Represent the function
with an equation in two different ways.

2.7 pose problems based on applications involv-
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ing a trigonometric function with domain
expressed in radians (e.g., seasonal changes in
temperature, heights of tides, hours of daylight, displacements for oscillating springs),
and solve these and other such problems by
using a given graph or a graph generated
with or without technology from a table of
values or from its equation
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Sample problem: The population size, P,
of owls (predators) in a certain region can
be modelled by the function
πt
, where t represents
P(t) = 1000 + 100 sin
12
the time in months. The population size, p,
of mice (prey) in the same region is given by
πt
. Sketch the
p(t) = 20 000 + 4000 cos
12
graphs of these functions, and pose and
solve problems involving the relationships
between the two populations over time.

( )

( )

3. Solving Trigonometric Equations
By the end of this course, students will:

3.1 recognize equivalent trigonometric expressions
[e.g., by using the angles in a right triangle
π
– x are
to recognize that sin x and cos
2
equivalent; by using transformations to
π
recognize that cos x +
and – sin x are
2
equivalent], and verify equivalence using
graphing technology

(

(

)

)

3.2 explore the algebraic development of the
compound angle formulas (e.g., verify the
formulas in numerical examples, using technology; follow a demonstration of the algebraic development [student reproduction of
the development of the general case is not
required]), and use the formulas to determine
exact values of trigonometric ratios [e.g.,
π
by
determining the exact value of sin
12
first rewriting it in terms of special angles
π
π
– ]
as sin
4
6

( )

(

)

3.3 recognize that trigonometric identities are
equations that are true for every value in the
domain (i.e., a counter-example can be used
to show that an equation is not an identity),
prove trigonometric identities through the
application of reasoning skills, using a variety
sin x
of relationships (e.g., tan x = cos x ;
sin 2 x + cos 2 x = 1; the reciprocal identities;
the compound angle formulas), and verify
identities using technology
Sample problem: Use the compound angle
formulas to prove the double angle formulas.

3.4 solve linear and quadratic trigonometric equations, with and without graphing technology,
for the domain of real values from 0 to 2π,
and solve related problems
Sample problem: Solve the following trigonometric equations for 0 ≤ x ≤ 2π, and verify by
graphing with technology: 2 sin x + 1 = 0;
2 sin 2 x + sin x – 1 = 0; sin x = cos 2x;
1
cos 2x = .
2

C. POLYNOMIAL AND RATIONAL
FUNCTIONS
By the end of this course, students will:

1.

identify and describe some key features of polynomial functions, and make connections between the
numeric, graphical, and algebraic representations of polynomial functions;

2.

identify and describe some key features of the graphs of rational functions, and represent rational
functions graphically;

3.
4.

solve problems involving polynomial and simple rational equations graphically and algebraically;

Advanced Functions

OVERALL EXPECTATIONS

demonstrate an understanding of solving polynomial and simple rational inequalities.

SPECIFIC EXPECTATIONS
1. Connecting Graphs and Equations
of Polynomial Functions
By the end of this course, students will:

1.1 recognize a polynomial expression (i.e., a
series of terms where each term is the product
of a constant and a power of x with a nonnegative integral exponent, such as
x3 – 5x 2 + 2x – 1); recognize the equation of
a polynomial function, give reasons why it
is a function, and identify linear and quadratic functions as examples of polynomial
functions

1.2 compare, through investigation using graph-

Sample problem: Investigate the maximum
number of x-intercepts for linear, quadratic,
cubic, and quartic functions using graphing
technology.

nomial functions (e.g., the domain and range,
the shape of the graphs, the end behaviour of
the functions for very large positive or negative x-values)
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Sample problem: Describe and compare the
key features of the graphs of the functions
f(x) = x, f(x) = x 2, f(x) = x 3, f(x) = x 3 + x 2,
and f(x) = x 3 + x.

1.4 distinguish polynomial functions from
sinusoidal and exponential functions [e.g.,
x
f(x) = sin x, g(x) = 2 ], and compare and
contrast the graphs of various polynomial
functions with the graphs of other types of
functions

1.5 make connections, through investigation
using graphing technology (e.g., dynamic
geometry software), between a polynomial
function given in factored form [e.g.,
f(x) = 2(x – 3)(x + 2)(x – 1)] and the
x-intercepts of its graph, and sketch the
graph of a polynomial function given in
factored form using its key features (e.g.,
by determining intercepts and end behaviour; by locating positive and negative
regions using test values between and on
either side of the x-intercepts)
Sample problem: Investigate, using graphing
technology, the x-intercepts and the shapes
of the graphs of polynomial functions with

POLYNOMIAL AND RATIONAL FUNCTIONS

ing technology, the numeric, graphical, and
algebraic representations of polynomial (i.e.,
linear, quadratic, cubic, quartic) functions
(e.g., compare finite differences in tables of
values; investigate the effect of the degree of a
polynomial function on the shape of its graph
and the maximum number of x-intercepts;
investigate the effect of varying the sign of the
leading coefficient on the end behaviour of
the function for very large positive or negative x-values)

1.3 describe key features of the graphs of poly-
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one or more repeated factors, for example,
f(x) = (x – 2)(x – 3), f(x) = (x – 2)(x – 2)(x – 3),
f(x) = (x – 2)(x – 2)(x – 2)(x – 3), and
f(x) = (x + 2)(x + 2)(x – 2)(x – 2)(x – 3),
by considering whether the factor is
repeated an even or an odd number of
times. Use your conclusions to sketch
f(x) = (x + 1)(x + 1)(x – 3)(x – 3), and verify
using technology.

1.6 determine, through investigation using technology, the roles of the parameters a, k, d, and
c in functions of the form y = af (k(x – d)) + c,
and describe these roles in terms of transformations on the graphs of f(x) = x 3 and f(x) = x 4
(i.e., vertical and horizontal translations;
reflections in the axes; vertical and horizontal
stretches and compressions to and from the
x- and y-axes)
Sample problem: Investigate, using technology, the graph of f(x) = 2(x – d) 3 + c for
various values of d and c, and describe
the effects of changing d and c in terms of
transformations.

1.7 determine an equation of a polynomial func-
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tion that satisfies a given set of conditions (e.g.,
degree of the polynomial, intercepts, points
on the function), using methods appropriate
to the situation (e.g., using the x-intercepts of
the function; using a trial-and-error process
with a graphing calculator or graphing software; using finite differences), and recognize
that there may be more than one polynomial
function that can satisfy a given set of conditions (e.g., an infinite number of polynomial
functions satisfy the condition that they have
three given x-intercepts)
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Sample problem: Determine an equation for
a fifth-degree polynomial function that intersects the x-axis at only 5, 1, and – 5, and
sketch the graph of the function.

1.8 determine the equation of the family of polynomial functions with a given set of zeros
and of the member of the family that passes
through another given point [e.g., a family
of polynomial functions of degree 3 with
zeros 5, – 3, and – 2 is defined by the equation
f(x) = k(x – 5)(x + 3)(x + 2), where k is a real
number, k ≠ 0; the member of the family
that passes through (– 1, 24) is
f(x) = – 2(x – 5)(x + 3)(x + 2)]
Sample problem: Investigate, using graphing
technology, and determine a polynomial
function that can be used to model the function f(x) = sin x over the interval 0 ≤ x ≤ 2π.

1.9 determine, through investigation, and compare
the properties of even and odd polynomial
functions [e.g., symmetry about the y-axis
or the origin; the power of each term; the
number of x-intercepts; f(x) = f(– x) or
f(– x) = – f(x)], and determine whether a given
polynomial function is even, odd, or neither
Sample problem: Investigate numerically,
graphically, and algebraically, with and without technology, the conditions under which
an even function has an even number of
x-intercepts.

2. Connecting Graphs and Equations
of Rational Functions
By the end of this course, students will:

2.1 determine, through investigation with and
without technology, key features (i.e., vertical
and horizontal asymptotes, domain and
range, intercepts, positive/negative intervals,
increasing/decreasing intervals) of the graphs
of rational functions that are the reciprocals of
linear and quadratic functions, and make connections between the algebraic and graphical
representations of these rational functions [e.g.,
1
make connections between f(x) = 2
x – 4
and its graph by using graphing technology
and by reasoning that there are vertical
asymptotes at x = 2 and x = – 2 and a horizontal asymptote at y = 0 and that the function maintains the same sign as f(x) = x 2 – 4]
Sample problem: Investigate, with technology,
the key features of the graphs of families of
rational functions of the form
1
1
and f(x) = 2
,
f(x) =
x+n
x +n
where n is an integer, and make connections
between the equations and key features of
the graphs.

2.2 determine, through investigation with and
without technology, key features (i.e., vertical
and horizontal asymptotes, domain and
range, intercepts, positive/negative intervals,
increasing/decreasing intervals) of the graphs
of rational functions that have linear expressions in the numerator and denominator
x–2
2x
, h(x) =
], and
[e.g., f(x) =
3x + 4
x–3
make connections between the algebraic and
graphical representations of these rational
functions

2.3 sketch the graph of a simple rational function
using its key features, given the algebraic representation of the function

3. Solving Polynomial and Rational
Equations
By the end of this course, students will:

3.1 make connections, through investigation using
technology (e.g., computer algebra systems),
between the polynomial function f(x), the
divisor x – a, the remainder from the division
f(x)
, and f(a) to verify the remainder theorem
x–a
and the factor theorem
Sample problem: Divide
f(x) = x4 + 4x3 – x2 – 16x – 14 by x – a for
various integral values of a using a computer
algebra system. Compare the remainder from
each division with f(a).

3.2 factor polynomial expressions in one variable,
of degree no higher than four, by selecting
and applying strategies (i.e., common factoring, difference of squares, trinomial factoring,
factoring by grouping, remainder theorem,
factor theorem)
Sample problem: Factor: x3 + 2x2 – x – 2;
x4 – 6x3 + 4x2 + 6x – 5.

3.3 determine, through investigation using tech-

Sample problem: Describe the relationship
between the x-intercepts of the graphs of
linear and quadratic functions and the real
roots of the corresponding equations.
Investigate, using technology, whether this
relationship exists for polynomial functions
of higher degree.

of degree no higher than four (e.g.,
2x3 – 3x2 + 8x – 12 = 0), by selecting and
applying strategies (i.e., common factoring,
difference of squares, trinomial factoring,
factoring by grouping, remainder theorem,
factor theorem), and verify solutions using
technology (e.g., using computer algebra
systems to determine the roots; using graphing technology to determine the x-intercepts
of the graph of the corresponding polynomial
function)

3.5 determine, through investigation using technology (e.g., graphing calculator, computer
algebra systems), the connection between
the real roots of a rational equation and the
x-intercepts of the graph of the corresponding
rational function, and describe this connection
x–2
=0
[e.g., the real root of the equation
x–3
is 2, which is the x-intercept of the function
x–2
1
; the equation
= 0 has no
f(x) =
x–3
x–3
1
real roots, and the function f(x) =
does
x–3
not intersect the x-axis]
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3.6 solve simple rational equations in one variable
algebraically, and verify solutions using technology (e.g., using computer algebra systems
to determine the roots; using graphing technology to determine the x-intercepts of the
graph of the corresponding rational function)

3.7 solve problems involving applications of
polynomial and simple rational functions and
equations [e.g., problems involving the factor
theorem or remainder theorem, such as determining the values of k for which the function
f(x) = x3 + 6x2 + kx – 4 gives the same remainder when divided by x – 1 and x + 2]
Sample problem: Use long division to express
x 2 + 3x – 5
as the
the given function f(x) =
x–1
sum of a polynomial function and a rational
A
function of the form
(where A is a
x–1
constant), make a conjecture about the relationship between the given function and the
polynomial function for very large positive
and negative x-values, and verify your conjecture using graphing technology.

POLYNOMIAL AND RATIONAL FUNCTIONS

nology (e.g., graphing calculator, computer
algebra systems), the connection between the
real roots of a polynomial equation and the
x-intercepts of the graph of the corresponding
polynomial function, and describe this connection [e.g., the real roots of the equation
x4 – 13x2 + 36 = 0 are the x-intercepts of the
graph of f(x) = x4 – 13x2 + 36]

3.4 solve polynomial equations in one variable,

Advanced Functions

Sample problem: Investigate, using graphing
technology, key features of the graphs of the
family of rational functions of the form
8x
for n = 1, 2, 4, and 8, and make
f(x) =
nx + 1
connections between the equations and the
asymptotes.
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4. Solving Inequalities
By the end of this course, students will:

4.1 explain, for polynomial and simple rational
functions, the difference between the solution
to an equation in one variable and the solution to an inequality in one variable, and
demonstrate that given solutions satisfy an
inequality (e.g., demonstrate numerically
and graphically that the solution to
1
4
< 5 is x < – 1 or x > – );
x +1
5

4.2 determine solutions to polynomial inequalities in one variable [e.g., solve f(x) ≥ 0, where
f(x) = x 3 – x 2 + 3x – 9] and to simple rational
inequalities in one variable by graphing the
corresponding functions, using graphing technology, and identifying intervals for which x
satisfies the inequalities

4.3 solve linear inequalities and factorable poly-
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nomial inequalities in one variable (e.g.,
x 3 + x 2 > 0) in a variety of ways (e.g., by determining intervals using x-intercepts and evaluating the corresponding function for a single
x-value within each interval; by factoring the
polynomial and identifying the conditions for
which the product satisfies the inequality),
and represent the solutions on a number line
or algebraically (e.g., for the inequality
x4 – 5x 2 + 4 < 0, the solution represented
algebraically is – 2 < x < – 1 or 1 < x < 2)
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OVERALL EXPECTATIONS
By the end of this course, students will:

1.

demonstrate an understanding of average and instantaneous rate of change, and determine,
numerically and graphically, and interpret the average rate of change of a function over a given
interval and the instantaneous rate of change of a function at a given point;

2.

determine functions that result from the addition, subtraction, multiplication, and division of two
functions and from the composition of two functions, describe some properties of the resulting
functions, and solve related problems;

3.

compare the characteristics of functions, and solve problems by modelling and reasoning with
functions, including problems with solutions that are not accessible by standard algebraic techniques.

Advanced Functions
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D. CHARACTERISTICS OF FUNCTIONS

SPECIFIC EXPECTATIONS
1. Understanding Rates of Change
By the end of this course, students will:

1.1 gather, interpret, and describe information
about real-world applications of rates of
change, and recognize different ways of
representing rates of change (e.g., in words,
numerically, graphically, algebraically)

1.2 recognize that the rate of change for a function is a comparison of changes in the dependent variable to changes in the independent
variable, and distinguish situations in which
the rate of change is zero, constant, or changing by examining applications, including
those arising from real-world situations (e.g.,
rate of change of the area of a circle as the
radius increases, inflation rates, the rising
trend in graduation rates among Aboriginal
youth, speed of a cruising aircraft, speed of a
cyclist climbing a hill, infection rates)

1.3 sketch a graph that represents a relationship
involving rate of change, as described in
words, and verify with technology (e.g.,
motion sensor) when possible
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1.4 calculate and interpret average rates of change
of functions (e.g., linear, quadratic, exponential,
sinusoidal) arising from real-world applications
(e.g., in the natural, physical, and social sciences),
given various representations of the functions
(e.g., tables of values, graphs, equations)
Sample problem: Fluorine-20 is a radioactive
substance that decays over time. At time 0,
the mass of a sample of the substance is 20 g.
The mass decreases to 10 g after 11 s, to 5 g
after 22 s, and to 2.5 g after 33 s. Compare
the average rate of change over the 33-s
interval with the average rate of change over
consecutive 11-s intervals.

1.5 recognize examples of instantaneous rates of
change arising from real-world situations, and
make connections between instantaneous
rates of change and average rates of change
(e.g., an average rate of change can be used to
approximate an instantaneous rate of change)

CHARACTERISTICS OF FUNCTIONS

Sample problem: The population of bacteria
in a sample is 250 000 at 1:00 p.m., 500 000 at
3:00 p.m., and 1 000 000 at 5:00 p.m. Compare
methods used to calculate the change in
the population and the rate of change in the
population between 1:00 p.m. to 5:00 p.m. Is
the rate of change constant? Explain your
reasoning.

Sample problem: John rides his bicycle at a
constant cruising speed along a flat road. He
then decelerates (i.e., decreases speed) as he
climbs a hill. At the top, he accelerates (i.e.,
increases speed) on a flat road back to his
constant cruising speed, and he then accelerates down a hill. Finally, he comes to another
hill and glides to a stop as he starts to climb.
Sketch a graph of John’s speed versus time
and a graph of his distance travelled versus
time.
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Sample problem: In general, does the speedometer of a car measure instantaneous rate of
change (i.e., instantaneous speed) or average
rate of change (i.e., average speed)? Describe
situations in which the instantaneous speed
and the average speed would be the same.

1.6 determine, through investigation using various
representations of relationships (e.g., tables of
values, graphs, equations), approximate instantaneous rates of change arising from real-world
applications (e.g., in the natural, physical, and
social sciences) by using average rates of
change and reducing the interval over which
the average rate of change is determined
Sample problem: The distance, d metres,
travelled by a falling object in t seconds is
represented by d = 5t 2. When t = 3, the
instantaneous speed of the object is 30 m/s.
Compare the average speeds over different
time intervals starting at t = 3 with the
instantaneous speed when t = 3. Use your
observations to select an interval that can be
used to provide a good approximation of the
instantaneous speed at t = 3.

1.7 make connections, through investigation,
between the slope of a secant on the graph
of a function (e.g., quadratic, exponential,
sinusoidal) and the average rate of change
of the function over an interval, and between
the slope of the tangent to a point on the
graph of a function and the instantaneous
rate of change of the function at that point
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Sample problem: Use tangents to investigate
the behaviour of a function when the instantaneous rate of change is zero, positive, or
negative.
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1.8 determine, through investigation using a variety of tools and strategies (e.g., using a table
of values to calculate slopes of secants or
graphing secants and measuring their slopes
with technology), the approximate slope of
the tangent to a given point on the graph of
a function (e.g., quadratic, exponential, sinusoidal) by using the slopes of secants through
the given point (e.g., investigating the slopes
of secants that approach the tangent at that
point more and more closely), and make connections to average and instantaneous rates
of change

1.9 solve problems involving average and instantaneous rates of change, including problems

arising from real-world applications, by using
numerical and graphical methods (e.g., by
using graphing technology to graph a tangent
and measure its slope)
Sample problem: The height, h metres, of a
ball above the ground can be modelled by
the function h(t) = – 5t 2 + 20t, where t is
the time in seconds. Use average speeds to
determine the approximate instantaneous
speed at t = 3.

2. Combining Functions
By the end of this course, students will:

2.1 determine, through investigation using graphing technology, key features (e.g., domain,
range, maximum/minimum points, number
of zeros) of the graphs of functions created by
adding, subtracting, multiplying, or dividing
functions [e.g., f(x) = 2 –x sin 4x, g(x) = x 2 + 2 x,
sin x
h(x) =
], and describe factors that affect
cos x
these properties
Sample problem: Investigate the effect of
the behaviours of f(x) = sin x, f(x) = sin 2x,
and f(x) = sin 4x on the shape of
f(x) = sin x + sin 2x + sin 4x.

2.2 recognize real-world applications of combinations of functions (e.g., the motion of a
damped pendulum can be represented by a
function that is the product of a trigonometric
function and an exponential function; the frequencies of tones associated with the numbers
on a telephone involve the addition of two
trigonometric functions), and solve related
problems graphically
Sample problem: The rate at which a contaminant leaves a storm sewer and enters a
lake depends on two factors: the concentration of the contaminant in the water from the
sewer and the rate at which the water leaves
the sewer. Both of these factors vary with
time. The concentration of the contaminant,
in kilograms per cubic metre of water, is
given by c(t) = t 2, where t is in seconds. The
rate at which water leaves the sewer, in cubic
1
.
metres per second, is given by w(t) = 4
t + 10
Determine the time at which the contaminant
leaves the sewer and enters the lake at the
maximum rate.

2.3 determine, through investigation, and explain
some properties (i.e., odd, even, or neither;
increasing/decreasing behaviours) of functions
formed by adding, subtracting, multiplying,
and dividing general functions [e.g.,
f(x) + g(x), f(x)g(x)]

2.4 determine the composition of two functions
[i.e., f(g(x))] numerically (i.e., by using a table
of values) and graphically, with technology,
for functions represented in a variety of ways
(e.g., function machines, graphs, equations),
and interpret the composition of two functions in real-world applications
Sample problem: For a car travelling at a constant speed, the distance driven, d kilometres,
is represented by d(t) = 80t, where t is the
time in hours. The cost of gasoline, in dollars,
for the drive is represented by C(d) = 0.09d.
Determine numerically and interpret C(d(5)),
and describe the relationship represented by
C(d(t)).

2.5 determine algebraically the composition of
two functions [i.e., f(g(x))], verify that f(g(x))
is not always equal to g( f(x)) [e.g., by determining f(g(x)) and g( f(x)), given f(x) = x + 1
and g(x) = 2x], and state the domain [i.e., by
defining f(g(x)) for those x-values for which
g(x) is defined and for which it is included in
the domain of f(x)] and the range of the composition of two functions
Sample problem: Determine f(g(x)) and g( f(x))
given f(x) = cos x and g(x) = 2x + 1, state the
domain and range of f(g(x)) and g( f(x)), compare f(g(x)) with g( f(x)) algebraically, and
verify numerically and graphically with
technology.

2.6 solve problems involving the composition of

2.7 demonstrate, by giving examples for functions represented in a variety of ways (e.g.,
function machines, graphs, equations), the
property that the composition of a function
and its inverse function maps a number onto
itself [i.e., f –1( f(x)) = x and f( f –1(x)) = x
demonstrate that the inverse function is the
reverse process of the original function and
that it undoes what the function does]

2.8 make connections, through investigation
using technology, between transformations
(i.e., vertical and horizontal translations;
reflections in the axes; vertical and horizontal
stretches and compressions to and from the
x- and y-axes) of simple functions f(x) [e.g.,
f(x) = x 3 + 20, f(x) = sin x, f(x) = log x] and
the composition of these functions with a
linear function of the form g(x) = A(x + B)
Sample problem: Compare the graph of
f(x) = x2 with the graphs of f(g(x)) and
g( f(x)), where g(x) = 2(x – d), for various
values of d. Describe the effects of d in
terms of transformations of f(x).

By the end of this course, students will:

3.1 compare, through investigation using a variety of tools and strategies (e.g., graphing with
technology; comparing algebraic representations; comparing finite differences in tables of
values) the characteristics (e.g., key features of
the graphs, forms of the equations) of various
functions (i.e., polynomial, rational, trigonometric, exponential, logarithmic)

3.2 solve graphically and numerically equations

Sample problem: The speed of a car, v kilometres per hour, at a time of t hours is represented by v(t) = 40 + 3t + t 2. The rate of
gasoline consumption of the car, c litres per
kilometre, at a speed of v kilometres per hour
2
v
– 0.1 + 0.15.
is represented by c(v) =
500

Sample problem: Solve: 2x2 < 2 ; cos x = x,
with x in radians.

x

3.3 solve problems, using a variety of tools and
strategies, including problems arising from
real-world applications, by reasoning with
functions and by applying concepts and
procedures involving functions (e.g., by

CHARACTERISTICS OF FUNCTIONS

and inequalities whose solutions are not
accessible by standard algebraic techniques

)

MHF4U

3. Using Function Models to Solve
Problems

two functions, including problems arising
from real-world applications

(

Advanced Functions

Sample problem: Investigate algebraically,
and verify numerically and graphically,
whether the product of two functions is even
or odd if the two functions are both even or
both odd, or if one function is even and the
other is odd.

Determine algebraically c(v(t)), the rate of
gasoline consumption as a function of time.
Determine, using technology, the time when
the car is running most economically during
a four-hour trip.
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constructing a function model from data,
using the model to determine mathematical
results, and interpreting and communicating
the results within the context of the problem)
Sample problem: The pressure of a car tire
with a slow leak is given in the following
table of values:
Time, t (min)

Pressure, P (kPa)

0

400

5

335

10

295

15

255

20

225

25

195

30

170

Use technology to investigate linear, quadratic, and exponential models for the relationship of the tire pressure and time, and describe
how well each model fits the data. Use each
model to predict the pressure after 60 min.
Which model gives the most realistic
answer?
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